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Abstract
We perform direct numerical simulations of rotating Rayleigh–Be´nard convection of fluids with
low (Pr = 0.1) and high (Pr = 5) Prandtl numbers in a horizontally periodic layer with no-
slip top and bottom boundaries. At both Prandtl numbers, we demonstrate the presence of an
upscale transfer of kinetic energy that leads to the development of domain-filling vortical structures.
Sufficiently strong buoyant forcing and rotation foster the quasi-two-dimensional turbulent state
of the flow, despite the formation of plume-like vertical disturbances promoted by so-called Ekman
pumping from the viscous boundary layer.
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While turbulent flows in nature are intrinsically three-dimensional (3D), many geophysical
and astrophysical flows exhibit quasi-two-dimensional (Q2D) behavior [1, 2]. The partial
reduction of dimensionality, which may be imposed by rapid rotation [3–6], intense magnetic
fields [7, 8] or by geometrical confinement [9–11], offers an intermediate state between the
classical problems of 3D and 2D turbulence. In pure 3D turbulent flows, energy cascades
downscale according to the well-established Kolmogorov theory [12, 13]. Conversely, 2D
turbulent flows exhibit upscale energy transfer in accordance with the theory of Kraichnan
and Batchelor [14, 15]. The upscale transfer leads to spectral energy condensation at the
largest scales and the formation of long-lived coherent structures [16–19], where upscale
transfer is eventually balanced by frictional effects in a finite-size domain or by imposing
large-scale frictional damping [20]. In Q2D turbulence, the upscale transfer of kinetic energy
occurs despite the introduction of 3D perturbations [21, 22]. Spectral condensation can
manifest as zonal flows and large-scale vortices in the atmosphere and interior of planets
and in the oceans [23–25].
Turbulence in oceanic, atmospheric and planetary settings is often driven by buoyancy
and further shaped by rotation. A simple model for these flows is rotating Rayleigh–Be´nard
convection (RRBC), the flow in a layer of fluid confined between two parallel horizontal
plates, heated from below and cooled from above, and subject to rotation about a vertical
axis. Recent studies in RRBC in a horizontally periodic box with stress-free (SF) boundary
conditions (BCs) on top and bottom plates have identified upscale energy transfer and
accompanying large-scale vortices (LSVs) [26–31]. This Neumann-type boundary condition
provides the most favorable circumstances for the establishment of horizontal flows. No-
slip (NS) BCs, on the other hand, promote the development of viscous Ekman boundary
layers that actively enhance vertical motions through so-called Ekman pumping [2], leading
to bulk perturbations of small horizontal scale [30, 31] that decrease the degree of two-
dimensionality of the flow and counter the formation of LSVs. Nevertheless, numerical
studies using parametrized Ekman pumping BCs report an upscale transfer of kinetic energy
that results in intermittent LSV formation with irregular intensity and coherence at Pr = 1
[32, 33]. The Prandtl number Pr = ν/κ describes the diffusive properties of the fluid, where
ν and κ respectively are its kinematic viscosity and thermal diffusivity.
In this paper, we demonstrate the presence of coherent, long-lived LSVs in rotationally-
constrained RRBC despite Ekman pumping interference from the boundary layers (BLs).
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And we do so for fluids of different Prandtl number: low Pr = 0.1, relevant to liquid metals
as in the Earth’s outer core, and high Pr = 5, relevant to oceanic processes and laboratory
experiments with water. We identify the direct energy transfer from the smaller scales to
the largest scale in the domain, while rotation subdues any significant disturbances from the
BLs. Our observation of LSVs in domains with no-slip plates opens up laboratory modeling
of LSV formation, a process that is omnipresent in large-scale natural flows.
RRBC is governed by three nondimensional parameters: the Rayleigh number Ra =
gα∆θH3/νκ that quantifies the intensity of the buoyant forcing, the Ekman number Ek =
ν/2ΩH2 that measures the (inverse) strength of rotation, and the Prandtl number Pr. Here,
g is the gravitational acceleration, α the thermal expansion coefficient of the fluid, ∆θ and H
are the temperature difference and distance between the top and bottom plates, respectively,
and Ω is the rotation rate.
We simulate the Navier–Stokes and heat equations for an incompressible fluid with NS
boundaries at Pr = 0.1, Ra = 1 × 1010 and 2 × 10−7 ≤ Ek ≤ 6 × 10−6; at Pr = 5.5,
Ek = 3 × 10−7 and 5.5 × 109 ≤ Ra ≤ 2 × 1010; and at Pr = 5.2, Ek = 1 × 10−7 and
3 × 1010 ≤ Ra ≤ 1.5 × 1012 [34]. We also simulate the flow at Pr = 0.1, Ra = 1 × 1010
and Ek = 2.5× 10−7 with SF BCs for comparison with the NS case. We employ a second-
order accurate finite-difference discretization [35] on a grid vertically denser near the plates
to appropriately resolve the thinner (Ekman or thermal) BL with a minimum of 10 points.
The dimensions of the horizontally periodic computational domain are 10Lc×10Lc×1, where
Lc is the horizontal wavelength most unstable for onset of convection [36]. At Pr = 0.1, we
set resolutions up to 1408× 1408× 1280 points to resolve the Kolmogorov length scale ηK ,
the smallest active length scale in the flow. At Pr = 5, the Batchelor scale ηB= ηK/Pr
1/2
(smallest active length scale in the temperature field) is smaller than ηK and we use a
multiple-resolution approach: a fine grid for the temperature field resolves down to ηB and a
coarser grid is used for the velocity field. This alleviates the computational requirements and
allows us to explore different values of Ra at a very low Ek. We use up to 1536×1536×2048
points to resolve ηB. We present our results as a function of the supercriticality R ≡ Ra/Rac,
where Rac is the critical Rayleigh number for the onset of oscillatory (stationary) convection
at Pr < 0.68 (Pr ≥ 0.68) [37].
Fig. 1 presents the root-mean-square (rms) values of horizontal (urms) and vertical (wrms)
velocity as well as the kurtosis of the vertical velocity Kw as a function of R. In the bulk,
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the relative magnitude of horizontal to vertical velocity fluctuations exhibits significantly
different behavior specific of the flow structure (as identified by [26]): for steady cells (C) and
convective Taylor columns (T) vertical fluctuations are stronger than horizontal fluctuations,
for plumes (P) (and in Q3D turbulence at Pr = 0.1) they are comparable, while for LSVs
the horizontal fluctuations are larger as a sign of the two-dimensionalization of the flow.
Values of kurtosis larger than that of a Gaussian distribution (i.e. Kw > 3) are associated
with increased likelihood of strong vertical velocity [26] and are indicative of the presence
of coherent structures. Ref. [26] report Kw > 3 for cells, columns, and plumes, while in
the so-called geostrophic turbulence state (where LSVs are observed) Kw is reduced to 3
again as in homogeneous isotropic turbulence. Our observations for the bulk are the same
(at mid-height z = 0.5). Both the larger horizontal-to-vertical velocities and the Gaussian
kurtosis in the bulk are clear signatures of the Q2D turbulent state of the flow. The kurtosis
Kw computed close to the plate at height z = δν , the Ekman BL thickness based on the peak
position of urms, follows the bulk trend for most of the R range, except for in the LSV state
where it retains values larger than 3. Thus there are still smaller-scale coherent structures
formed by the Ekman BLs, though they cannot break the LSVs. This observation will be
further discussed later on together with the kinetic energy budget near the walls. We shall
first consider the bulk phenomenology.
The flow at Pr = 0.1 and R = 20, visualized in Fig. 2(a), consists of one large-scale
coherent structure with cyclonic (positive) vertical vorticity that extends over the entire
height of the domain. Our comparative case at the same Pr and R but with SF BCs (Fig. 2d)
exhibits a similar flow morphology. The vortex is embedded in an environment with weakly
anticyclonic (negative) vorticity. Remarkably, at Pr = 5.2 and R = 80 a dipole consisting
of both a cyclonic and an anticyclonic vortex is present (left and right vortices in Fig.2(b),
respectively). Just as the vortex monopole, the dipole spans the height of the domain.
For the duration of our simulations, the vortices have shown to be long-lived structures
without significant horizontal displacement. At Pr = 5.2 and lower supercriticality R = 11,
the upscale energy transfer cannot develop, the flow does not organize into large coherent
structures and instead exhibits plumes of smaller scale (see Fig. 2c) [26, 40, 41].
Figs. 2(a,b,d) show that the flow favors cyclonic vortices over anticyclones. Whenever an
anticyclone is present (as in Fig. 2b), it tends to be weaker than its cyclonic counterpart.
The cyclone–anticyclone asymmetry in rotating flows has been extensively discussed in many
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numerical and experimental studies, e.g., Refs. [5, 42–44]. In the case of vortex condensation,
the presence or absence of the anticyclone is postulated to be the result of either of two
saturation mechanisms [6]: in a so-called “viscous condensate” (as our Fig. 2b) the viscous
dissipation at large scales is large enough to match the upscale energy transfer, while in a
so-called “rotating condensate” (as our Fig. 2a) the amplitude of the anticyclone becomes so
large that it locally cancels the conditions for Q2D flow, leading to a 3D turbulent downscale
transfer.
Spectral condensation of kinetic energy at large scales is responsible for the formation of
large-scale structures in turbulence. To study the (rate of) transfer of energy among scales,
we use the shell-to-shell energy transfer function [28, 45, 46]
T (Q,K) ≡ −
∫
V
uK(u · ∇)uQ dx3 (1)
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FIG. 1. Root-mean-square horizontal (circles) and vertical (up triangles) velocities at mid-height
(z = 0.5) at Pr = 0.1 (red symbols) and 5 (green symbols) as a function of R=Ra/Rac. Inset:
kurtosis of vertical velocity Kw at mid-height (z = 0.5; squares) and at the Ekman BL thickness
(z = δν ; right triangles). The horizontal dashed line at Kw = 3 indicates Gaussian kurtosis.
Vertical dash-dotted and dashed green lines are the predicted transitions from convective columns
(T) to plumes (P) in Refs. [38] and [39], respectively, and the vertical dotted red lines are our
estimated transitions to LSVs. Symbols with black edges represent LSV flow states. The orange
stars are the cases selected for further analysis and comparison.
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(a) Pr = 0.1, R = 20 and
NS
(b) Pr = 5.2, R = 80 and
NS
(c) Pr = 5.2, R = 11 and
NS
(d) Pr = 0.1, R = 20 and
SF
FIG. 2. Snapshots of the horizontal kinetic energy for four different cases in terms of Prandtl
number, supercriticality and boundary condition. Cases (a-c) are indicated in Fig. 1 with orange
stars. Case (d) is at the same Pr, Ra and Ek (and same R) as (a), but with SF BCs. For clarity,
the domains are stretched horizontally by a factor of (a,d) 3.1 and (b,c) 4.5.
which describes the energy transfer from the Fourier-filtered flow field uQ of wavenumber Q
to the filtered field of wavenumber K (Fourier transforms performed in the horizontal peri-
odic directions; ring-like shells of different horizontal wavenumbers are selected; integration
over the simulation volume V ). If T (Q,K) > 0, the mode with wavenumber Q transfers
energy to mode K via triadic interactions, while mode Q receives energy from mode K when
T (Q,K) < 0. The energy transfer function is antisymmetric and can be derived from the
global budget equation of the modal kinetic energy [28, 45, 46]. The integration along the
vertical direction does not discern bulk and BL regions. Since in all considered cases the
BLs account for less than 2% of the volume, Eq. (1) provides a good description of spectral
energy transfer in the bulk.
In all cases displayed in Fig. 3 the Q = K − 1 diagonal in T (Q,K) is positive, rep-
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(a) Pr = 0.1, R = 20 and
NS
(b) Pr = 5.2, R = 80 and
NS
(c) Pr = 5.2, R = 11 and
NS
(d) Pr = 0.1, R = 20 and
SF
FIG. 3. Shell-to-shell energy transfer function T (Q,K) for the four selected cases. Note the
different limits of the color bar for each instance; the color scale is chosen to highlight the main
energy transfers.
resentative of a spectrally local downscale transfer of kinetic energy, i.e., a given mode Q
predominantly transfers energy to mode K = Q + 1. On the other hand, Figs. 3(a,b,d) re-
veal an upscale transfer in the presence of LSVs: at Q = 1 (K = 1) and over a wide range of
values of K (Q), T (Q,K) is mostly negative (positive). This indicates a spectrally nonlocal
upscale transfer, i.e. the small scales directly transfer energy to the largest scale without the
participation of intermediate scales. Both downscale and upscale transfers of kinetic energy
coexist in the flow. As expected, a downscale energy transfer dominates in the plumes flow
state and no direct transfer to the lowest wavenumber mode is found (Fig. 3c).
The dual energy transfer is therefore a leading feature of the LSVs. However, we know
that the boundary layers can decisively affect the structuring of the bulk flow. To assess
the role of the BLs we calculate the height-dependent planar budget of kinetic energy E =
1
2
(u2 + v2 + w2) [47–49]:
〈wθ〉 − ∂
∂z
〈wE〉 − ∂
∂z
〈wp〉 + 2
√
Pr
Ra
∂
∂z
〈uisi3〉 − 〈〉 = 0 (2)
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where θ is temperature, p is pressure, sij =
1
2
(∂jui + ∂iuj) is the deformation rate tensor
(summation over repeated indices implied; i = 1, 2 are the horizontal directions and i = 3
the vertical direction) and 〈·〉 indicates averaging over the horizontal directions and in time.
The first term in Eq. (2) is buoyant production, the second, third and fourth terms are
turbulent transport, pressure transport and viscous transport, respectively, and the fifth
term is dissipation of kinetic energy 〈〉 = 2√Pr/Ra 〈sijsij〉 [50].
In the bulk of the LSVs and the plumes with no-slip condition (Figs. 4a-c) buoyant
production provides the kinetic energy that is in large part dissipated; pressure alone trans-
ports the rest towards the BL. The other two transport mechanisms are marginal in the
bulk. Interestingly, for the LSV case with SF BCs, production is practically balanced by
dissipation, and the pressure transport is mostly absent throughout the bulk. Thus, the
transport due to pressure fluctuations is driven by the boundary layers (Ekman pumping)
but does not prevent the upscale transfer of kinetic energy.
Close to the walls (Figs. 4e-g) the leading terms of the budget are the pressure transport
from the bulk, the viscous transport from the BL edge closer to the wall and the dissipation
in this region. These terms are at least one order of magnitude larger than in the bulk, but
largely confined to the viscous BL. Therefore, as rotation hinders the plumes throughout
the bulk, the magnitude of the budget terms is also heavily restrained. Viscosity, on the
other hand, strengthen them in the BL through Ekman pumping and redistributes the
budget terms. A comparison of the energy budget for the NS and SF cases at Pr = 0.1
(Figs. 4e and h, respectively) further accentuates the role of the frictional viscous BL in the
enhancement of the flow dynamics close to the walls.
To conclude, we demonstrate the presence of large-scale vortices in horizontally periodic
RRBC with no-slip boundary conditions at top and bottom for both Pr = 0.1 and 5. We
show that the formation of such long-lived coherent structures is due to spectral condensation
of the kinetic energy transferred upscale; a process that is due to the two-dimensionalization
of the flow by strong rotation.
The energy accumulates at the largest horizontal scale available, i.e. the domain width
(at Q = 1 in Figs. 3a and 3b), indicating that spectral condensation is bounded by the
confinement, not by friction induced by the Ekman boundary layers. In our domains with
small width-to-height ratios condensation is halted by confinement rather than by wall
dissipation of the LSV energy at finite rotation rates. Instead, the boundary layers postpone
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FIG. 4. Vertical profiles of kinetic energy budget terms (Eq. 2) (a-d) in the bulk and (e-h) close
to the bottom wall. Note the change in scale of the horizontal axes for the different panels. The
vertical coordinate is rescaled by the corresponding viscous BL thickness δν = O(Ek1/2), except
for the SF case where this BL is absent and we use the δν of its NS counterpart. All profiles are
symmetric about mid-height (z/δν ∼ 400). The blue and red horizontal lines depict the viscous
and thermal BLs, respectively. The latter is outside the plotting interval in (e) at z/δν = 8 and in
(h) at z/δν = 6.
the occurrence of upscale energy transfers to significantly higher rotation rates (at the same
supercriticality) than for stress-free boundary conditions. The boundary layers also facilitate
the formation of plumes through Ekman pumping, although we show that these vertical
flows do not penetrate into the Q2D bulk. Moreover, the establishment of strong horizontal
motions in the bulk induces a mean shear [51] that protects the bulk from the boundary-layer
plumes and as such contributes to the two-dimensionalization of the flow. The role of the
Prandtl number (fluid properties) on the susceptibility of the flow to develop LSVs, and to
favor either saturation mechanism [6], is subject to further investigation. In SF simulations it
appears that geostrophic turbulence (and LSV formation) is more easily reached at smaller
Pr [26]; this finding is replicated here for NS simulations. We postulate that coherent
plumes, formed by the Ekman BLs, with strong temperature contrast, are longer-lived at
high Pr given weaker thermal diffusion. Hence they can more proficiently disturb LSV
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formation.
Large-scale flow organization is an ubiquitous feature in geophysical and astrophysical
flows. Our study identifies that upscale transfer is delayed by Ekman boundary layers but
it can still occur at more extreme parameter values. This opens up laboratory modeling
of these flows in the rotating Rayleigh–Be´nard configuration[52]. We show that no-slip
boundaries promote the development of small-scale structures in the flow, but given strong
enough rotational constraint the upscale energy transfer prevails.
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